This paper considers two properties of graphs, one geometrical and one topological, and shows that they are strongly related.
Introduction
We consider drawings of simple graphs on the plane and on orientable surfaces. In a drawing G of a graph G on an orientable surface, a vertex v is represented by a point, and an edge between vertices u and v (denoted u ? v) is represented by a curve joining its two endpoints. Two such curves do not intersect, except perhaps at their endpoints.
When we delete from the surface all points and curves of G, the surface is partitioned to (one or more) connected components called faces. If the topological boundary of a face is a cycle of G, we sometimes do not distinguish between the face and the cycle, referring to the cycle as a face.
Let be a property of graphs. We say that a graph G is minimal with respect to if G satis es and any proper subgraph of G does not satisfy .
A q-graph is a simple graph with four distinguished and distinct vertices w 1 , w 2 black. This paper is devoted to exposing strong interrelationships among the following properties of q-graphs.
TRI(G):
There is a planar drawing of G in which all faces are triangles, except for one face, which is the principal cycle.
TRI 0 (G): There is a drawing of G on an orientable surface such that all faces are triangles, except for one face which is the principal cycle.
TRI + (G): There is a planar drawing of G as per property TRI, and, in addition, every 3-cycle is a face. ( Thomassen 2] used property TRI + to study 2-linked graphs. A graph satisfying TRI + is called there a rib.) MONO 0 (G): Any valid coloring of G has a monochromatic q-path. MONO(G): MONO 0 (G) holds, and, additionally, no valid coloring of G has both a white q-path and a black q-path. 1 A path in a graph G is a sequence of vertices, wherein adjacent vertices are connected by an edge in G. A path is simple if no vertex occurs more than once. The length of the path is the number of edges, i.e., one less than the number of vertices. Our main results demonstrate the following relationships among these properties. Building on these results, we show that one can decide in polynomial time whether or not a given graph G enjoys property MONO.
The stimulus for this study comes from a two-player path-construction game that generalizes several other games, namely, Hex, Bridgit and the Shannon Switching Game 1].
This generalized game|let us call it a q-game|is played on a q-graph G. The game begins with G in an initial con guration:
Some vertices of G, in particular, b 1 and b 2 , are colored black; some vertices of G, in particular, w 1 and w 2 , are colored white; all other vertices of G are uncolored.
The two players, called Black and White, alternately select an uncolored vertex and color it with their own color. The game concludes when all vertices are colored. Player Black (resp., Player White) wins if there is a black (resp., a white) q-path and no white (resp., no black) q-path in the fully colored G; otherwise, the game is a tie. In this context, property MONO(G) means that there is no tie in a q-game based on the graph G. ?, drawn within the face that has both vertices. Call the augmented graph K 0 . On the drawing of K 0 , overlay the (geometric) dual of K 0 ; see Figure 1 . Now, replace each edge-crossing in the augmented drawing with a vertex, and add the principal edges (these edges are missing in Figure 1 ). In the initial con guration, color the vertices of K 0 black and the vertices of the dual graph white, and leave the crossing vertices uncolored.
2 Property TRI(G) Implies Property MONO(G) We have thus shown that graph G has property MONO 0 (G).
2 Note that the proof does not use the fact that graph G is drawn on an orientable surface. Hence, Theorem 2.1 holds for graphs drawn on any two-dimensional manifold.
Since a planar q-graph clearly cannot have two disjoint q-paths, one with endpoints 
TRI + (G) Holds i G Is MONO-Minimal
Let G be a graph and Q a set of vertices and edges of G. Let us denote by GnQ the subgraph of G generated by removing: all edges of Q; all vertices of Q as well as their incident edges.
Let G be a q-graph. We say that G 0 is a q-subgraph of G if G 0 is a subgraph of G and a q-graph (having the same principal vertices as G).
A trail T of a q-graph G is a simple path in G such that:
1. Lemma 3.1 Let G be a q-graph and P a q-path in G whose only principal vertices are its endpoints. Then there a trail T in G whose vertex-set is a subset of the vertex-set of P.
Proof: We lose no generality by assuming that P is a b 1 -to-b 2 q-path. Let P 0 be the subgraph of G induced by the vertex-set of P. One veri es easily that any minimal-length b 1 -to-b 2 path in P 0 is a trail in G. Clearly, by symmetry, we may interchange the roles of (w 1 ; w 2 ) and (b 1 ; b 2 ) in the lemma.
Proof: (a) If w 1 and w 2 were connected in GnT, then one would be able to color G in a way that simultaneously produces a white and a black q-path, contradicting property MONO(G). simultaneously contain the black q-path P (b) and the white q-path P (w) . Then P (b) is a black q-path in G; moreover, Lemma 3.2.c assures us that we can use P (w) to construct a white q-path in G that coexists with P (b) . This, however, contradicts property MONO(G). 2
We are nally ready for our weak converse to Lemma 2.2.
Lemma 3.4 If MONO(G) holds, then G has a q-subgraph G 0 for which TRI(G 0 )
holds.
Proof: We prove the lemma by induction on the number of vertices of G. If G has no more than four vertices, then direct inspection veri es that TRI(G) holds. Henceforth, therefore, we assume that G has more than four vertices, and we consider ve exhaustive, but not necessarily disjoint, cases. 1 , has only one vertex|which must be principal vertex w 1 . In this case, vertex w 1 has precisely three neighbors: vertices b 1 , b 2 , and t.
Consider the q-graph G 00 def = Gnfw 1 g where t replaces w 1 as a principal vertex. We claim that MONO(G 00 ) holds. To verify this claim, let C be any valid coloring of G 00 .
Extend C to a valid coloring of G by labeling vertex w 1 white. Let P be any monochromatic q-path in G (which must exist by property MONO(G)). On the one hand, if P is a black q-path in G, then it is a subgraph of G 00 ; on the other hand, if P is a white q-path in G, then Pnfw 1 g is a white q-path in G 00 . Now, G 00 cannot simultaneously have both a white q-path P (w) and a black q-path P (b) , or else G would also have paths of both colors, contradicting property MONO(G). To wit, path P (b) would be a black q-path in G, while path (w 1 ? P (w) ) would be a white q-path in G.
Since G 00 has one fewer vertex than G, there is a planar drawing G (3) of a q-subgraph G (3) of G 00 , that witnesses property TRI(G (3) must each have at least two vertices. Therefore, the scenario of Case 1 holds. Since the list of cases above is exhaustive, the lemma is proved.
2
Lemma 3.5 If TRI + (G) holds, then G is minimal with respect to property TRI.
Proof: Let K and K 0 be simple graphs (not q-graphs) such that K 0 is a subgraph of K, K 0 has at least four vertices, and both K and K 0 have planar drawings such that every face is a 3-cycle and every 3-cycle is a face. We claim that K = K 0 . To the end of proving this, focus on a vertex v of K 0 , and let N(v; K) (resp., N(v; K 0 )) be the subgraph of K (resp., of Since K is connected and K 0 not empty, we conclude that K = K 0 . Let us return now to q-graphs. Assume that TRI + (G) holds, and let G 0 be any qsubgraph of G that enjoys property TRI(G 0 ). We need to show that G = G 0 . Clearly, G 0 has a q-subgraph G 00 that enjoys property TRI + (G 00 ). Let G be a planar drawing of G that witnesses property TRI + (G). By drawing new vertices and edges in the principal face of G, we can construct a planar drawing such that every face is a 3-cycle and every 3-cycle is a face. Let us call the graph depicted by this augmented drawing K. Now, add the same vertices and edges to graph G 00 , and call the resulting graph K 0 . K and K 0 satisfy the requirements of our claim in the preceding paragraph; hence, K = K 0 . The equality of K and K 0 , however, implies that G = G 00 .
2
The preceding series of lemmas allows us to prove our main theorem. Let us return now to graph G. T and T 0 are trails in G which, respectively, avoid vertices u and v; P and P 0 are paths which both avoid (T T 0 )nfu; vg. Consider the valid coloring of G wherein vertices of (T T 0 )nfu; vg are black and all other vertices are white. Assume that G has a white q-path and, therefore, a white trail T 00 . Now, trail T 00 must intersect both T and T 0 ; hence, it must include both u and v. But this contradicts the assumption that delineates this Case. We conclude, therefore, that G has a black q-path and, therefore, a black trail T. Since 2 , and that T is a b 1 -to-b 2 trail. It follows that G contains a w 1 -to-u path P 1 and a v-to-w 2 path P 2 , such that both paths avoid trail T. One sees easily that, in the graph (G feg), trail T and path (P 1 ? u ? v ? P 2 ) are disjoint q-paths.
For any q-graph G, we de ned G to be the graph generated from G by adding a vertex z and four edges connecting z to the principal vertices. For any 3-cycle t in G, let G (t) be the q-subgraph of G generated by removing (from G) all vertices not connected to z in G nt. Proof: Let Y be the set of vertices removed in the construction of G (t) . Let P be a q-path in G that uses vertices of Y . Then there is a q-path P 0 in G (t) whose vertex-set is a subset of P's, that has the same endpoints as P. This means that the vertices of Y are super uous, as far as monochromatic q-paths are concerned. G is on a 3-cycle, this contradicts the fact that G is lean. This establishes the existence of the desired path P. Now, if path P is a single edge, then G contains two disjoint q-paths by Lemma 4.3. However, the same also holds when P is a path of several edges. This contradicts property MONO(G 
